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Column space geometry
The linear model equation is

and assume that  and .

The �tted model gives the decomposition

Y = +Xβ
mean μ

ε
errors

E(ε ∣ X) = 0n Va(ε ∣ X) = σ2In

= +y
observations

ŷ
fitted values

e
residuals
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Projection matrices
For an  matrix, the column space of  is

We can write the �tted values as the projection the observed response vector  onto the
linear span of the model matrix ,

where  is an  orthogonal projection matrix.

•  is a symmetric  square matrix of rank .

• An orthogonal projection matrix satis�es  and .

n × (p + 1) X

S(X) = {Xa, a ∈ }Rp+1

y
X

= = y = yŷ
fitted values

Xβ̂
model matrix ×
OLS estimator

X( XX⊤ )−1X⊤

projection matrix
HX

= X( XHX X⊤ )−1X⊤ n × n

HX n × n p + 1

=HXHX HX =HX H⊤
X
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Visual depiction of the geometry
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Consequences of orthogonality
The geometric representation has deep implications for inference that are useful for model
diagnostics.

• The �tted values  and  are uncorrelated

• Idem for any column of , since .

• Assuming  (e.g., the intercept is included in ), the sample mean of  is zero.

ŷ e

X e =X⊤ 0p+1

∈ S(X)1n X e

data(college, package = "hecstatmod")1

mod <- lm(salary ~ sex + field + rank + service, data = college)2

# Zero correlations3

cor(resid(mod), model.matrix(mod))[-1]4

## [1] -4.9e-17 -1.6e-17  3.7e-18  2.9e-18  1.3e-175

cor(resid(mod), fitted(mod))6

## [1] -2.7e-177

# Mean zero errors8

mean(resid(mod))9

## [1] 1.5e-1610
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Graphical diagnostics
A linear regression of  (or any column of ) onto  has zero intercept and slope.

Figure 1: Plot of residuals against �tted values (left), and against the explanatory variable service (right) for the linear regression of
the college data. The intercept and the slope of the simple linear regressions are zero.

Residual patterns due to forgotten interactions, nonlinear terms, etc. could be picked up
from pair plots of ordinary residuals against the explanatories.

ŷ X e
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Invariance
The �tted values  for two model matrices  and , are the same if they generate the
same linear span, i.e., .

ŷ i Xa Xb

S( ) = S( )Xa Xb

data(college, package = "hecstatmod")1

modA <- lm(salary ~ sex +  rank + service, data = college)2

modB <- lm(salary ~ 0 + sex + rank + service, # 0+ = remove intercept3

data = college |>4

            dplyr::mutate(service = scale(service)), # standardize variable (mean zero, unit std. dev)5

contrasts = list(rank = contr.sum)) # change parametrization of dummies6

head(model.matrix(modA), n = 3L)7

##   (Intercept) sexwoman rankassociate rankfull service8

## 1           1        0             0        1      189

## 2           1        0             0        1      1610

## 3           1        0             0        0       311

head(model.matrix(modB), n = 3L)12

##   sexman sexwoman rank1 rank2 service13

## 1      1        0    -1    -1    0.0314

## 2      1        0    -1    -1   -0.1215

## 3      1        0     1     0   -1.1216

# Model invariance17

isTRUE(all.equal(fitted(modA), fitted(modB)))18

## [1] TRUE19
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Distribution of ordinary residuals
Since we de�ne residuals as

it follows if  that

• The marginal distribution of the errors is .

• The residuals are heteroscedastic, and their variance depends on the diagonal elements of
the “hat matrix” , the collection  for .

• Since  has rank , the residuals are linearly related (there are 
free components).

• We can show that : residuals are correlated.

E = (I − )Y,HX

∼ normal( β, )Yi xi σ2

∼ normal{0, (1 − )}Ei σ2 hii

HX { }hii (i = 1, … , n)

I − HX n − p − 1 n − p − 1

Cov( , ) = −ei ej σ2hij
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Variance estimation and standardization
We want to standardize residuals to have mean zero and unit variance, but  is unknown.

• If we estimate  by , we introduce additional dependence since
, and  appears in the formula of the sample variance…

• We consider estimation of the standard deviation  by �tting the model to but the th
observation (jackknife estimator). Then,  is independent of 

• No need to re�t the model! The formula can be written as

σ2

σ2 S2

= /(n − p − 1)S2 ∑n
i=1 e2

i ei

S−i i
ei S−i

= .S2
−i

(n − p − 1) − /(1 − )S2 e2
i hii

n − p − 2
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Externally studentized residuals
De�ne the jackknife (or externally) studentized residuals as

• In R, use rstudent to obtain the values.

• The marginal distribution of  is  for .

• But the collection  are not independent.

= .ri
ei

(1 −S−i hii)1/2

Ri Student(n − p − 2) i = 1, … , n

, … ,R1 Rn
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Leverage

• The diagonal elements of the hat matrix  represent the leverage of an
observation.

• Leverage values tell us how much each point impacts the �t: they are strictly positive, are
bounded below by  and above by .

• The sum of the leverage values is : in a good design, each point has

approximately the same contribution, with average weight .

• Points with high leverage are those that have unusual combinations of explanatories.

• One condition for the OLS estimator  to be consistent and asymptotically normal is that
 as : no observation dominates the �t.

= ∂ /∂hii ŷ i yi

1/n 1

= p + 1∑n
i=1 hii

(p + 1)/n

β̂
→ 0maxn

i=1 hii n → ∞
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In�uential observations vs outliers
It is important to distinguish betwen in�uential observations (which have unusual  value,
i.e., far from the overall mean) and outliers (unusual value of the response ). If an
observation is both an outlier and has a high leverage, it is problematic.

Figure 2: Outlier and in�uential observation. The left panel shows an outlier, whereas the right panel shows an in�uential variable
(rightmost  value).

x
y

x
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Cook distance
The Cook distance of an observation measures the standardized squared prediction error

for data when we base the OLS estimator on all but the th observation, say , and the

predictions are .

Cook distance is de�ned as

[Math Processing Error]

It is large when either  or  are large (or both).

i β̂−i

= Xŷ−i β̂−i

ri hii
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